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Abstract
On the basis of the local n = 2 supersymmetry we construct the supersymmetric action
for a set of complex scalar supermultiplets in the FRW model. This action corresponds to
the dilaton-axion and chiral components of supergravity theory.
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One of the possible models of unification of interactions is supergravity interacting with
matter, because it admits the solutions of the problem of cosmological constant and comes
to degeneration of masses for fields in any supermultiplet [1].
In the last years spatially homogeneous minisuperspaces models have to be indeed a very
valuable tool in supergravity theories. The study of minisuperspace have led to important
and interesting results, pointing out usefull lines of research. Since then, several publications
have appeared on the subject of supersymmetric quantum cosmology, also including matter
[2].
More recently we proposed a new formulation to investigate supersymmetric quantum
cosmological models [3,4]. This formulation was performed by introducing a superfield
formulation. This is because superfields defined on superspace allow all the component fields
in a supermultiplet to be manipulated simultaneously in a manner, which automatically
preserves supersymmetry. Our approach has the advantage of being more simple, than
proposed models based on full supergravity [2] and gives, by means of this local symmetry
procedure, in a direct maner the corresponding fermionic partners.
In the paper [5] was considered the FRW model interacting with a simplest real matter
supermultiplet, and was shown, that in this model of Universe with local supersymmetry,
when energy density of vacuum is equal to zero, allows to have breaking supersymmetry.
In this work we will consider the homogeneous and isotropic FRW cosmological model
interacting with a set of homogeneous and isotropic complex scalar matter supermultiplet.
As will be shown, the supersymmetric action obtained for this model corresponds to dilaton-
axion and chiral components of supergravity theory. It is well known, that the action of
cosmological FRW models is invariant under the time reparametrization t′ → t + a(t).
Then, we may obtain the superfield description of these models, when we introduce the odd
complex “time” parameters η, η¯, which are the superpartners of time parameter [3,4]. This
procedure is well known from superparticles [6-8].
So, we have the following superfield action for the FRW model interacting with a set of
complex scalar matter supermultiplet
2
S =
∫ {
− IN
−1
2κ2
IRD¯ηIRDηIR +
√
k
2κ2
IR2 +
+
IN−1IR3
4
(
D¯ηZ¯
aDηZ
a + D¯ηZ
aDηZ¯
a
)
− IR3|g(Z)|
}
dηdη¯dt, (1)
where κ =
√
4piG
3
and G is the Newtonian constant of gravity. In the action (1) IN(t, η, η¯) is
a real gravity superfield, and it has the form
IN(t, η, η¯) = N(t) + iηψ′(t) + iη¯ψ¯′(t) + ηη¯V ′(t), (2)
where ψ′(t) = N1/2ψ(t), ψ¯′(t) = N1/2ψ¯(t) and V ′(t) = NV − ψ¯ψ. The law transformation
of the superfield IN(t, η, η¯) may be written in the following way
δIN(t, η, η¯) = (IΛIN). +
i
2
D¯ηIΛDηIN +
i
2
DηIΛD¯ηIN, (3)
where the superfunction IΛ(t, η, η¯) is written as
IΛ(t, η, η¯) = a(t) + iηβ ′(t) + iη¯β¯ ′(t) + ηη¯b(t), (4)
andDη =
∂
∂η
+iη¯ ∂
∂t
and D¯η = − ∂∂η¯−iη ∂∂t are the supercovariant derivatives, β ′(t) = N−1/2β(t)
is the Grassmann complex parameter of the local “small” n = 2 susy transformations and
b(t) is the parameter of local U(1) rotations of the complex η.
So, the n = 2 local transformations of the supertime (t, η, η¯) are
δt = IΛ(t, η, η¯) +
1
2
η¯D¯ηIΛ(t, η, η¯)− 1
2
ηDηIΛ(t, η, η¯),
δη =
i
2
D¯ηIΛ(t, η, η¯), (5)
δη¯ = − i
2
DηIΛ(t, η, η¯),
which are the generalization of the time reparametrization t′ → t+ a(t) in the cosmological
models.
The components of the superfield IN(t, η, η¯) in (2) are gauge fields of the one-dimensional
n = 2 extended supergravity, N(t) is einbein, ψ(t) and ψ¯(t) are the time-like components
of the Rarita-Schwinger fields ψαµ and ψ¯
α
µ , which may be obtained by spatial reduction from
3
the four dimensional supergravity to the one-dimensional models and V (t), is U(1) gauge
field.
The real “matter” superfield IR(t, η, η¯) may be written as
IR(t, η, η¯) = R(t) + iηλ′(t) + iη¯λ¯′(t) + ηη¯B′(t), (6)
where λ′(t) = κN1/2λ(t), λ¯′(t) = κN1/2λ¯(t) and B′(t) = κNB − κ
2
(ψ¯λ − ψλ¯). The law
tranformation for the superfield IR(t, η, η¯) is
δIR = IΛI˙R +
i
2
D¯ηIΛDηIR+
i
2
DηIΛD¯ηIR. (7)
The component B(t) in (6) is an auxiliary degree of freedom, λ(t) and λ¯(t) are dynamical
degrees of freedom remaining from the spatial part of the Rarita-Schwinger field obtained
from spatial reduction of pure supergravity theories to cosmological models and are the
partners of the scale factor R(t).
The complex scalar matter supermultiplet Za consists of a set of spatially homogeneous
scalar complex matter fields za(t), z¯a(t) (a = 1, . . . n), four fermionic degrees of freedom
χa(t), χ¯a(t), φa(t) and φ¯a(t), two bosonic auxiliary fields F a(t) and F¯ a(t) and a superpoten-
tial of the type |g(Z)|. The components of the complex matter superfields may be written
in the following way
Za(t, η, η¯) = za(t) + iηχ′a(t) + iη¯φ¯′a(t) + F ′a(t)ηη¯, (8)
where χ′a(t) = N1/2χa(t), φ¯′a(t) = N1/2φ¯a(t) and F ′a(t) = NF a − 1
2
(ψ¯aχa − ψaχ¯a). The law
transformation for the complex matter superfield is written as
δZa = IΛZ˙a +
i
2
D¯ηIΛDηZ
a +
i
2
DηIΛD¯ηZ
a. (9)
It is clear, that the superfield action (1) is invariant under the n = 2 local super time
transformations (5) if the superfields transform as (3,7,9).
We will write the expression, which is found under the integral (1) by means of certain
superfunction f(IR, IN, Za). Then, the infinitesimal small transformation of the action (1)
under the superfield transformations (3,7,9) has the following form:
4
δS =
i
2
∫ {
D¯η
(
IΛDηf(IR, IN, Z
a)
)
+Dη
(
IΛD¯ηf(IR, IN, Z
a)
)}
dηdη¯dt. (10)
We can see, that under the integration it gives a total derivative. That is, the action
(10) is invariant under the superfield transformations (3,7,9).
Making the corresponding operations from the action (1) one obtains the expression for the
component action, where the auxiliary fields B(t), F a(t) and F¯ a(t) appear. Performing the
variation with respect to these auxiliary fields we get three algebraical equations, which have
the following solutions
B(t) =
κ
2R
λ¯λ+
√
k
κ
+
3κ
4
R(χ¯aχa + φ¯aφa)− 3κR|g|, (11)
F a(t) = − 3κ
2R
(λφ¯a − λ¯χa) + 2∂|g|
∂z¯a
, (12)
and
F¯ a(t) = − 3κ
2R
(λχ¯a − λ¯φa) + 2∂|g|
∂za
, (13)
and after substituting them again into the component action obtained from (1) and mak-
ing the following fields reedefinitions λ → R−1/2λ, λ¯ → R−1/2λ¯, χa → 21/2R−3/2χa,
χ¯a → 21/2 R−3/2 χ¯a, φa → 21/2 R−3/2 φa and φ¯a → 21/2 R−3/2 φ¯a. We get the
following component action
S =
∫ {
− R
2Nκ2
(DR)2 +
R3
2N
Dz¯aDza +
NRk
2κ2
+
9
2
Nκ2R3|g(z)|2 −
− NR
3
2
∂g
∂za
∂g
∂z¯a
− 3N
√
kR2|g|+ iλ¯Dλ− iφ¯aDφa − iχ¯aDχa
+
3
√
2κ
4
iDza(λχ¯a + λ¯φa) +
3
√
2κ
4
iDz¯a(λ¯χa + λφ¯a)−
−
√
k
√
R
2κ
(ψ¯λ− ψλ¯)− N
√
k
2R
λ¯λ+
3N
√
k
2R
(φ¯aφa + χ¯aχa) +
9Nκ2
4R3
χ¯aχaφ¯aφa
− 3
√
2
4R3/2
κ(ψ¯λ− ψλ¯)(φ¯aφa + χ¯aχa)− 9
2
Nκ2|g|(χ¯aχa + φ¯aφa) (14)
+ 2N
∂2|g|
∂za∂zb
φ¯aχb + 2N
∂2|g|
∂z¯a∂z¯b
χ¯aφb +
9
2
κ2N |g|λ¯λ
+
3
√
2
2
κN
[
∂|g|
∂za
(φ¯aλ+ λ¯χa) +
∂|g|
∂z¯a
(χ¯aλ+ λ¯φa)
]
+ 2N
∂2|g|
∂za∂z¯b
(φ¯aφb + χ¯aχb)
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+
ψ¯
2
[√
2R3/2
∂|g|
∂za
χa +
√
2R3/2
∂|g|
∂z¯a
φa + 3κR3/2|g|λ
]
− ψ
2
[√
2R3/2
∂|g|
∂za
φ¯a +
√
2R3/2
∂|g|
∂z¯a
χ¯a + 3κR3/2|g|λ¯
]}
dt,
where DR = R˙− iκ
2
√
R
(ψ¯λ+ψλ¯), Dza = z˙a− i√
2
√
R3
(ψφ¯a+ ψ¯χa) and Dz¯a = ˙¯z
a− i√
2
√
R3
(ψ¯φa+
ψχ¯a) are the supercovariant derivatives, Dλ = λ˙ − i
2
V λ and Dφa = φ˙a + i
2
V φa are the
covariant derivatives.
¿From (1) we can see, that the action for a set of scalar complex supermatter has the
form
∫ {
1
4
(
D¯ηZ¯
aDηZ
a + D¯ηZ
aDηZ¯
a
)
− |g(Z)|
}
dηdη¯dt. (15)
This action corresponds to the action obtained by spatial reduction from Wess-Zumino
model in four dimensions with arbitrary superpotential g(Z). The action (15) gives two
complex supercharges Q1 and Q2. Because of the action (15) is invariant under the change
of Za ↔ Z¯a, then the supercharges allow the invariance under the change of Q1 ↔ Q¯2.
Furthermore, we can join in a one complex supercharge S˜ = Q1 + Q¯2 and
¯˜
S = Q¯1 +Q2.
Now we will proceed with the hamiltonian analysis of the system. The momenta ΠR,Π
a
z
and Πaz¯ conjugate to R(t), z
a(t) and z¯a(t) respectively, they are given by
ΠR = − R
Nκ2
[
R˙− i
2
√
R
(ψλ¯+ ψ¯λ)
]
, (16)
Πaz =
R3
N
[
˙¯z
a − i√
2R3/2
(ψχ¯a + ψ¯φa)
]
+
3i
√
2κ
4R3/2
(λχ¯a + λ¯φa), (17)
Πaz¯ =
R3
N
[
z˙a − i√
2R3/2
(ψ¯χa + ψφ¯a)
]
+
3i
√
2κ
4R3/2
(λ¯χa + λφ¯a) (18)
with respect to the canonical Poisson brackets
{R,ΠR} = 1, {za,Πbz} = δba, {z¯a,Πbz¯} = δba. (19)
As usual with fermionic systems the calculation of the momenta conjugate to the anticom-
muting dynamical variables introduces primary constraints, which we denote by
6
⊓λ ≡ Πλ + i
2
λ¯ ≈ 0, ⊓λ¯ ≡ Πλ¯ +
i
2
λ ≈ 0,
⊓aχ ≡ Πaχ −
i
2
χ¯a ≈ 0, ⊓aχ¯ ≡ Πaχ¯ −
i
2
χa ≈ 0, (20)
⊓aφ ≡ Πaφ −
i
2
φ¯a ≈ 0, ⊓aφ¯ ≡ Πaφ¯ −
i
2
φa ≈ 0,
where Πλ =
∂L
∂λ˙
,Πaχ =
∂L
∂χ˙a
and Πaφ =
∂L
∂φ˙a
are the momenta conjugate to the anticom-
muting dynamical variables λ(t), χ(t) and φ(t) respectively. The momenta conjugate to
B(t), ψ(t), ψ¯(t) and V (t) are found equal to zero indicating, that these variables play the
role of gauge fields, whose time derivative is arbitrary, so they are non-dynamical fields.
The constraints (20) are of second-class and can be eliminated by Dirac procedure. We
define the matrix constraint Cik(i, k = λ, λ¯, χ
a, χ¯a, φa, φ¯a) as the Poisson bracket. We have
the following non-zero matrix elements
Cλ¯λ = Cλλ¯ = {⊓λa,⊓λ¯ b} = iδba , Cχ¯χ = Cχχ¯ = {⊓χa,⊓bχ¯} = iδba,
Cφ¯φ = Cφφ¯ = {⊓φa,⊓φ¯ b} = iδba (21)
with their inverse matrices (C−1)λ¯λ = −i, (C−1)χ¯χ = i and (C−1)φ¯φ = i. The Dirac brackets
{ , }∗ are then defined by
{A,B}∗ = {A,B} − {A,⊓i}(C−1)ik{⊓kiB}. (22)
The result of this procedure is the elimination of the momenta conjugate to the fermionic
variables, leaving as with the following non-zero Dirac brackets relations
{R,ΠR}∗ = {R,ΠR} = 1 , {zaΠbz}∗ = {za,Πbz} = δba,
{z¯a.Πbz¯}∗ = {z¯a,Πbz¯} = δba, (23)
{λ, λ¯}∗ = i , {χa, χ¯b}∗ = −iδba , {φa, φ¯b}∗ = −iδba.
In a quantum theory Dirac brackets { , }∗ must be replaced by commutators [ , ] or
anticommutators { , }. We get
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[R,ΠR] = i{R,ΠR}∗ = i , [za,Πbz] = i{za,Πbz}∗ = iδba,
[z¯a,Π
b
z¯] = i{z¯a,Πbz¯}∗ = iδba (24)
{λ, λ¯} = i{λ, λ¯}∗ = −1 , {χa, χ¯b} = i[χa, χ¯b}∗ = δba,
{φa, φ¯b} = i{φaφ¯b}∗ = δba,
where we choose the unity h¯ = c = 1. The first class constraints may be obtained from the
action (14), varging N(t), ψ(t), ψ¯(t) and V (t) respectively. We obtain the following first-class
constraints.
H = −κ
2Π2R
2R
− kR
2κ2
+
2
R3
ΠazΠ
a
z¯ −
9κ2
2
R3|g(z)|2 + R
3
2
∂g
∂za
∂g¯
∂z¯a
+
√
k
2R
λ¯λ
− 3
√
2
2
iκ
Πaz
R3
(λφ¯a + λ¯χa)− 3
√
2
2
iκΠaz¯
R3
(λ¯φa + λχ¯a)− 9κ
2
4R4
(φ¯aφa + χ¯aχa)λ¯λ
− 3
√
k
2R
(φ¯aφa + χ¯aχa) +
9κ2
2
|g|λ¯λ− 9κ
2
4R3
φ¯aφaχ¯aχa +
9κ2
2
|g|(φ¯aφa + χ¯aχa) (25)
− 2 ∂
2|g|
∂za∂zb
φ¯aχb − 2 ∂
2|g|
∂z¯a∂z¯b
χ¯aφb − 3
√
2
2
κ
∂|g|
∂z¯a
(λ¯φa + χ¯aλ)
− 3
√
2
2
κ
∂|g|
∂za
(λ¯χa + φ¯aλ)− 2 ∂
2|g|
∂za∂z¯b
(φ¯aφb + χ¯aχb),
S =
[
κΠR√
R
− i
√
k
√
R
κ
− 3iκ
2
√
R3
(φ¯aφa + χ¯aχa) + 3iκ
√
R3|g|
]
λ+ (26)
+
[ √
2√
R3
Πaz + i
√
2
√
R3
∂|g|
∂za
]
χa +
[ √
2√
R3
Πaz¯ + i
√
2
√
R3
∂|g|
∂z¯a
]
φa,
S¯ =
[
κΠR√
R
+
i
√
k
√
R
κ
+
3iκ
2
√
R3
(φ¯aφa + χ¯aχa)− 3iκ
√
R3|g|
]
λ¯+ (27)
+
[ √
2√
R3
Πaz¯ − i
√
2
√
R3
∂|g|
∂z¯a
]
χ¯a +
[√
2
Πaz√
R3
− i
√
2
√
R3
∂|g|
∂za
]
φ¯a,
and
F = (−λ¯λ+ φ¯aφa + χ¯aχa). (28)
The constraints (25,28) follow from invariant action (14) under the “small” local super-
transformations (5). The general hamiltonian is a sum of all the constraints, i.e.
8
HG = NH +
i
2
ψS¯ +
i
2
ψ¯S + F(1
2
∨). (29)
In the quantum theory the first class constraints associated with the invariance of the
action (14) become conditions on the wave function with the commutation rule (24), so that
any physically allowed state must obey the following quantum constraints.
H|ψ >= 0, S|ψ > 0, S¯|ψ >= 0, F|ψ >= 0, (30)
which are obtained when we change the classical dynamical variables by operators ΠR =
−i ∂
∂R
,ΠaZ = −i ∂∂Za and making the following matrix representation for fermionics variables
λ, λ¯, χ, χ¯, φ and φ,
λ = −σ− ⊗ 1⊗ 1, λ¯ = σ+ ⊗ 1⊗ 1,
χ = σ3 ⊗ σ− ⊗ 1, χ¯ = σ3 ⊗ σ+ ⊗ 1, (31)
φ = σ3 ⊗ σ3 ⊗ σ+, φ¯ = σ3 ⊗ σ3 ⊗ σ−,
where σ± = σ1±iσ2
2
and σ1, σ2 and σ3 are the Pauli matrices. For the quantum generators
H,S, S¯ and F we obtain the following closed superalgebra
{S, S¯} = 2H, [S,H ] = 0, [F , S] = −S, (32)
S2 = S¯2 = 0, [S¯, H ] = 0, [F , S¯] = S¯,
where H is the hamiltonian of the system, S is the single complex supersymmetric charge
of the n = 2 supersymmetric quantum mechanics and F is the fermion number operator.
Conclusion
Hence, on the base of the local “small” supersymmetry we considered the FRW cosmo-
logical model with the set of complex superfields and a superpotential g(Za). As effective
supergravity theory coupled to “observable” sector with gauge group SU(3)×SU(2)×U(1)
through a “hidden” sector [9] corresponding to four-dimensional superstrings, the next step
9
will be inclusion of Ka¨hler function K(Za, Z¯b) to the scheme for chiral fields of observable
supergravity sector, as well as, for dilaton-axion component of hidden sector of supergravity
with their superpartners in “small” susy. We will also consider mechanism of spontaneous
breaking of susy in the cosmological models and its influence on the Universe models.
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